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Abstract

In this work the reaction of ground state oxygen atoms, O(3P), with ground
state cyanogen radicals, CN(X2Σ+) is investigated. The reaction has received
attention as a possible major source of depletion of CN in both combustion
and in dense interstellar clouds. Electronic structure (CASPT2) calcula-
tions have been performed for the lowest 2Π and 4Σ− states of the NCO
system. Furthermore, spin-orbit coupling terms between the two surfaces
have been calculated using RASSI with CASSCF wave functions as basis
set. Time-dependent wave packet and quasiclassical trajectory calculations
are presented for the two surfaces, both with and without coupling between
them. The 2Π surface has an almost 6 eV deep potential well, making the
wave packet calculations a challenge. Generally the agreement is good be-
tween the methods, as would be expected, but some notable differences are
found. These are the first reported quantum dynamics calculations for this
reaction.
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Chapter 1

Introduction

The study of reaction dynamics is the study of how and why chemical re-
actions occur, at a molecular level. A chemical reaction is, usually, but not
always, an effect of two (or more) molecules colliding, sometimes called a
scattering process. The collision can result in a chemical reaction, that is,
the breaking and forming bonds and the formation of new molecules. It
can also be a non-reactive scattering process, where the molecules collide,
transfer energy between each other and move away again, perhaps in new
electronic, vibrational or rotational states. In this thesis we are concerned
with bimolecular reactions, or rather, a diatomic molecule colliding with an
atom. This might seem like a very trivial process, as it only involves three
atoms, but as will be seen, it is highly complex.

Reaction dynamics can be studied experimentally, with high-precision
instruments. It is also the interest of theoretical studies, trying to predict
or explain experimental results, or find answers that cannot be obtained by
experiments. The present work is all about theoretical calculations on a
specific reaction – the reaction of an oxygen atom colliding with a cyanogen
radical. The methods used to study the dynamics of the reaction are classical
trajectories and quantum mechanical wave packet dynamics.

A simplified and intuitive view of classical trajectory dynamics can be to
think of it as launching a marble into a labyrinth, studying the path it takes.
Then the labyrinth would represent the potential energy of the system, and
each marble the chemical system. By releasing a large swarm of marbles -
trajectories - statistical conclusions can be drawn from their final state - their
velocities and directions.

Wave packet dynamics is very similar in nature, but due to the Heisen-
berg uncertainty principle we cannot talk about marbles with known velocity
and position. Instead we send a wave, represented by a wave packet that is
distributed both in position and velocity, through the labyrinth. We never
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2 Chapter 1 Introduction

really know exactly where it is and how fast it is moving, we can only deter-
mine its probability distribution. Governed by the Schrödinger equation, the
wave packet can pass through walls - tunnel through barriers - and interfere
with itself, creating resonances, phenomena not seen in the classical model.



Chapter 2

Background

2.1 Strategy

The general strategy when performing time-dependent reaction dynamics
calculations is to first create the electronic potential energy surface (PES) on
which the reaction takes place. The potential energy surface can be created
beforehand for the entire multidimensional space - a global potential energy
surface, or it can be created locally where needed in each time step, as done
in direct dynamics. The potential energy surface can also be restricted to a
specific symmetry, or specific geometries - known as reduced dimensionality.
The surface can be created from experimental data, semi-empirical models or
high level ab initio calculations. But no matter the choice, time-dependent
scattering calculations cannot be performed without knowing the potential
energy.

After the potential energy surface has been determined, the time-depen-
dent dynamics of the reaction can be studied. The dynamics can be studied
classically or quantum mechanically, on one potential energy surface, or on
several coupled surfaces at once. Finally, the reaction has to be analyzed, by
studying reaction probabilities, reaction times, lifetimes of formed complexes,
and the energy distribution among the products.

This licentiate thesis continues by giving the background to this study,
presenting some of the previous work on the NCO system. In Chapter 3
an overview of ab initio electronic structure calculations, from Hartree-Fock
theory to multi-configurational perturbation theory, is given. Different meth-
ods to create an electronic potential energy surface from the ab initio energy
points are presented, and the chapter ends by introducing the spin-orbit
coupling.

In Chapter 4 the theoretical foundations for the time-dependent dynam-
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4 Chapter 2 Background

ics are laid down. Quasi-classical trajectories (QCT) are presented, as well as
trajectory surface hopping (TSH). The chapter continues with a discussion
on time-dependent wave packet calculations. Attention is given to initiation,
propagation, damping, and analysis of the wave packet, as well as propaga-
tion on coupled surfaces.

A brief summary of the included Paper I and Paper II is given in
Chapter 5. Finally, Chapter 6 lets us glance into the future, revealing what
might come ahead.

2.2 The NCO system

The triatomic system consisting of carbon, nitrogen, and oxygen (known as
the CNO or NCO system) has been the focus of many experimental and
theoretical studies during the last four decades. The reason for this is the
combustion of atomic carbon. By understanding the process of carbon com-
bustion in a nitrogen and oxygen containing atmosphere, the combustion
process can be optimized and the release of unwanted byproducts, like NOX ,
minimized. It is no wonder then, that it is the reaction C + NO that has by
far received the most attention (see e.g. [1, 2] and references therein). There
are numerous experimental studies of the reaction, as well as theoretical
studies of both the dynamics and kinetics of the reaction.

The system is also of interest in astrophysics, as for example the CN radi-
cal is a known precursor to more complex molecules. Detailed understanding
on the NCO system at very low temperatures could give considerable insight
of the chemical evolution in dense interstellar clouds [3–7].

Several quasiclassical trajectory calculations (see [1, 2]) have been done
for the C+NO reaction, as well as 2D [8] and 3D [9] wave packet dynamics.
In the 3D calculations a PES containing the linear CNO minimum but not
the deeper NCO minimum was used, which made the 3D study possible for
a total angular momentum of zero. Recently 2D wave packet calculations for
the collinear C+NO → CN+O reaction has been performed [10].

The reaction between ground state oxygen atoms with cyanogen radicals,

O(3P) + CN(X2Σ+) → CO(X1Σ+) + N(2D), (2.1)

and

O(3P) + CN(X2Σ+) → CO(X1Σ+) + N(4S), (2.2)

has not received as much attention. The reaction is believed to be a major
source of depletion of CN in both dense interstellar clouds [3,4] and combus-
tion [11]. Detailed studies of the reaction were performed in the 1970’s by
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Schmatjko and Wolfrum, involving both quasiclassical trajectory (QCT) cal-
culations on empirical LEPS type potential energy surfaces and experimental
investigations of the dynamics and kinetics [12, 13]. From their room tem-
perature experiments they concluded that about 20% of the reactive events
produced CO(X1Σ+) + N(4S), corresponding to reaction (2.2) above.

Statistical adiabatic channel model (SACM) calculations have been pub-
lished on the rate coefficients of reaction (2.1) at T = 300− 5000 K [14]. We
have also performed QCT calculations for the rate coefficients on the same
reaction for T between 5 and 5000 K using ab initio based potential energy
surfaces [2]. Apart from the mentioned QCT and SACM calculations, no
computational studies have previously been published on the dynamics of
these reactions.
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Chapter 3

Potential Energy Surfaces

3.1 The Born-Oppenheimer Approximation

The foundation of this work is the non-relativistic Schrödinger equation, pre-
sented in 1926. The Schrödinger equation is a wave equation describing the
behavior of matter, and is one of the corner stones in the theory of quantum
mechanics. Solving the Schrödinger equation is a formidable task, and a se-
ries of approximations are usually made. When calculating the energies of
atoms and molecules, it is generally assumed that the atoms are stationary,
and the time-independent Schrödinger equation is used. In 1927 the Born-
Oppenheimer approximation was presented. Due to the large mass ratio
between the atom and the electron (the ratio of proton and electron masses
is approximately 1836), the movement of the electrons is correspondingly
faster than that of the atoms. Born and Oppenheimer made the assumption
that the movement of the electron will adjust instantaneously to changes
in nuclear configuration. Thus the Schrödinger equation can be separated
into an equation defining the nuclear repulsion and an electronic Schrödinger
equation describing the electron-electron and the electron-nuclear interac-
tions. The Born-Oppenheimer approximation is fundamental to both elec-
tronic structure theory and to molecular dynamics, second in importance
only to the Schrödinger equation itself, as it allows for the construction of
potential energy surfaces.

The electronic Schrödinger equation can be written as

ĤelΨel = EelΨel (3.1)

where

Ĥel = −1

2

∑

i

∇2
i −

∑

i,A

ZA

riA

+
∑

i>j

1

rij

(3.2)
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8 Chapter 3 Potential Energy Surfaces

is the electronic Hamiltonian, expressed in atomic units. Here riA is the
distance between electron i and atom A, rij is the distance between electron
i and j, Ψel is the electronic wave function, and Eel is the electronic energy
for a given nuclear geometry. The total energy, or the potential energy, of the
system is thus the sum of the electronic energy Eel and the nuclear-nuclear
repulsion:

V (R) = Eel(R) +
∑

A,B

ZAZB

RAB

, (3.3)

where R is the nuclear positions and RAB is the distance between nuclei
A and B. This chapter is dedicated to solving the electronic Schrödinger
equation, Eq. 3.1, and finding the electronic potential energy V (R).

3.2 The Hartree-Fock Method

The Hartree-Fock method has, at least before the quite recent acceptance of
density functional theory (DFT), been the method of choice when performing
quantum chemistry. In Hartree-Fock theory, the electron-electron interaction
is approximated by assuming that each electron moves in an average electric
field created by all other electrons. This way the explicit electron-electron
interaction is neglected, and Eq. 3.1 is reduced to a series of coupled differen-
tial equations, each only involving one electron. This allows the construction
of Fock operators, which act as effective Hamiltonians for the electrons.

The Fock operators depend on all orbitals, forcing the solution to be
known before the Hartree-Fock equations can be solved. Thus, the Hartree-
Fock equations have to be solved by an iterative procedure, known as the
self-consistent field (SCF) procedure. An initial guess is made as to the
nature of the molecular orbital, the ‘field’, and the Hartree-Fock equations
are solved until the resulting orbitals do not change (significantly) between
iterations, i.e. the Fock operator is consistent with itself.

The Hartree-Fock method has the advantage of being relatively fast com-
pared to many other methods, and generally producing results that at least
give trends that follow experimental results. The main drawback of the
Hartree-Fock method is the inability to account for correlation energy. The
correlation energy is usually separated into two parts: a dynamic correlation,
which is the effect of the cross-terms r−1

ij in Eq. 3.2, and a static correlation.
The observation of static correlation is an effect of the single determinant used
in Hartree-Fock theory to describe the wave function. The correlation occurs
when several separate electronic configurations are of near equal importance
for describing the system, which cannot be accounted for by Hartree-Fock
theory.
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The correlation energy is usually defined as the difference between the
Hartree-Fock limit (the HF energy with the largest effective basis set) and
the true energy [15]. The correlation energy is generally not large, com-
pared to the total energy, but to characterize properties such as chemical
bonds, the difference between two energies is sought. Since this means tak-
ing the difference between two large numbers, the correlation may be of great
importance. Correlation energy is also of great importance when studying
open-shell systems - such as the NCO system.

Although the Hartree-Fock method has many drawbacks, it is still very
important in nearly all ab initio calculations. Since it is reasonably accurate,
and computationally cheap, the resulting wave functions serve as a perfect
starting point for more accurate methods.

3.3 Perturbation Theory

Often it is possible to write the Hamiltonian of a problem that cannot easily
be solved in two parts, one unperturbed (zeroth order) part that can easily
be solved, and one part that represent a perturbation of the original prob-
lem. The most commonly used perturbation theory is the Møller-Plesset
Perturbation Theory (MPPT), suggested by Rayleigh and Schrödinger, and
applied in 1934 by the Danish scientists Møller and Plesset [16]. Second order
Møller-Plesset perturbation theory (MP2) results in significant improvements
over Hartree-Fock theory, and is relatively computationally cheap (first order
MMPT - MP1 - results in the Hartree-Fock energy). Higher-order correc-
tions can be made (MP3, MP4, etc) to improve the results by recovering
more of the correlation energy. MP3 has no major advantage over MP2, and
in practice only MP2 or MP4 are used [17].

The main advantages of MPPT are that it is both size-consistent and
size-extensive, if the reference function is so [15]. This means that MPPT
can be used to correctly represent chemical reactions. However, MPPT is
not variational, and the energy calculated no longer has a lower bound in the
exact value. This problem is generally quite small, and MPPT theory has
gained widespread use.

3.4 Multi-Configurational Methods

Whereas MPPT methods can recover most of the dynamic correlation, it
still cannot account for the static correlation that occurs when more than
one electron configuration is of importance for describing the system. The
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MPPT methods still rely on one determinant to describe the system, which
is generally enough for most closed-shell system. But for open-shell systems,
such as for example the NCO system studied here, the static correlation
is large, and single configuration methods are inadequate to describe the
system.

By exchanging the single configurational HF wave function with a sum
over all probable configurations, the static correlation is accounted for.
Within this sum, each configuration is given a weight (configuration inter-
action coefficients), which is optimized together with the orbitals. This is
known as the multi-configurational self-consistent field (MCSCF) method. In
practice, the length of the MCSCF expansion is finite and quite limited, due
to the simultaneous optimization of the orbitals and CI coefficients. While
the static correlation is at least partly determined by this method, choosing
the proper set of configurations is problematic. To standardize the selection
of configurations, the complete active space SCF (CASSCF) method [18]
has been developed. In this method, the orbital space is divided into three
subspaces: the inactive, active, and secondary orbital spaces. The inactive
orbitals are orbitals that are always doubly occupied, typically the core or-
bitals, while the active orbitals are the valence orbitals, with no restrictions
on the occupation number. Finally, the secondary orbitals are virtual orbitals
that are always left unoccupied. CASSCF is not inherently size-consistent,
but the active space can be chosen such that size-consistency is achieved.
The upper limit for performing CASSCF calculations is for about 12-15 ac-
tive orbitals, making the NCO system one of the largest systems that can be
treated with all valence electrons in the active orbital space.

CASSCF is a zeroth order method, and even though the static correla-
tion is recovered, the dynamic correlation, caused by the electron-electron
repulsion, is not included. The CASPT2 (complete active space second-
order Møller-Plesset) method is a multi-configurational reference function
second-order perturbation method (see for example Ref. [15]). The CASSCF
wave function, which contains the static correlation, is used as multi-
configurational reference function for the MP2 method, which includes the
dynamic correlation. CASPT2 is generally a very effective method for cal-
culating a global potential energy surface.

A CASPT2 calculation is made in three steps: First a Hartree-Fock
calculation is performed to give a starting wave function for the subse-
quence CASSCF calculation, in which the static correlation is retrieved. The
CASSCF wave function is then used as reference function for the CASPT2
calculation, which is the third and final step.
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3.5 Creating a Potential Energy Surface

Even today, despite the rapid improvement in both computer architecture
and computational algorithms, ab initio calculations are still very computa-
tionally time-consuming, and dynamic calculations may demand hundreds
of thousands, or even millions, of energy evaluations to be accurate. Thus,
methods have been developed to accurately evaluate the potential energy
between the ab initio energy points, allowing the creation of an arbitrary
number of energy points from a limited set of ab initio calculations.

Usually about 10N , where N is the number of independent coordinates,
energy points are needed for an accurate description of the full potential en-
ergy surface. The energies at short ranges are preferably calculated by some
ab initio method, like the ones described above. Calculations of the long-
range interactions are usually simplified by approximating the wave function
of the whole system (in our case a triatomic system) as the product of the
wave function of the fragments (which in our case is a diatomic fragment and
an atom). The electronic energies of the fragments are calculated separately,
and the remaining interaction energy is calculated as the sum of electrostatic,
induction and dispersion interaction energies. How this can be applied in
the interaction between an atom and diatomic molecule is described in detail
in [19].

To calculate the electronic potential energy in between the calculated
energy points, various methods can be used. The oldest method has been to
fit the energy points to a set of analytical functions. Common function types
are LEPS (London-Eyring-Palanyio-Sato) [20] functions and MBE (many-
body expansion) [21]. When fitting an analytical function to the energy
points, the energy at the points is not reproduced exactly, but is optimized by
means of a least square fit. Analytical fitting usually involves many unknown
parameters, and the accuracy of the resulting surface depends on the choice
of functional form, and requires skill and insight to produce an accurate
potential energy surface.

In the last ten to fifteen years, different interpolation procedures for con-
structing potential energy surfaces have gained increased popularity. Inter-
polation methods reproduce the input energy points exactly, as opposed to
the fitting procedures. However, it does not guarantee proper behavior be-
tween the grid points, where unphysical oscillations may occur. The review
by Nyman and Yu [22] contains a brief summary, including references, of the
most popular methods used today.

In the present work the generalized discrete variable representation
(GDVR) method [23], developed in our group, has been used. It has previ-
ously been successfully applied to the OH+Cl [24] and CH3+HBr [25] reac-
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Figure 3.1: The collinear 4Σ− surface for the O+CN reaction, representing a
typical potential energy surface. The surface is interpolated by GDVR from 484
energy points, of which 171 are CASPT2 ab initio energy points.

tions and to create a 3D potential energy surface for the HCBr molecule [26].

3.6 Spin-Orbit Interaction

So far we have only been concerned with non-relativistic quantum mechanics.
Spin-orbit coupling, however, requires a relativistic treatment of the atom.
This is far beyond the scope of this text, and fortunately spin-orbit coupling
can at least be introduced by a much simpler semi-classical treatment.

From classical mechanics we know that a magnetic dipole moving in an
electrostatic field will experience a force proportional to its velocity and the
strength of the field. If we consider an electron moving in a central field,
for example the effective potential energy of an unpaired electron moving
around an atom, there will a coupling between the magnetic moment of the
electron, and its orbital movement. This effect is called spin-orbit coupling,
and will shift the energy up or down, depending on the sign of the spin of
the electron.

This rather naive model of spin-orbit coupling can still give qualitative in-
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sight in the properties of the spin-orbit interaction. With the help of classic
electromagnetic theory, it can be shown that the spin-orbit coupling con-
tribution to the total energy is proportional to L·S, where L and S are the
electronic orbital and spin angular momenta, which is the same relation given
by the full relativistic treatment (see for example [27]). The presence of spin-
orbit interaction leads to a break-down of the Born-Oppenheimer approxima-
tion, as the system is no longer defined by discrete, separated states. Instead,
we have coupled states, where the system may jump between states, jumps
that normally, in the absence of spin-orbit interaction, are spin-forbidden.
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Chapter 4

Time Propagation

4.1 Classical Dynamics

4.1.1 Quasiclassical Trajectories

Classical trajectory calculations are the computationally cheapest method
for studying reaction dynamics. In many cases trajectory calculation is the
only available option, as quantum dynamics is generally not feasible except
for small and light systems. A trajectory is defined as the set of position and
momentum coordinates of a moving point as a function of time. By following
this trajectory, the time evolution of the reaction can be studied (Fig. 4.1).

In classical trajectory dynamics, Newton’s equations of motion,

−∂V

∂qi

= mi
d2qi

dt2
(4.1)

are solved for a set of initial conditions of the system. The solution to Eq. 4.1
is the path that the system will follow on the potential energy surface V . The
main difficulties in classical trajectory calculations are finding the potential
energy surface of the system, as described in the previous chapter, sampling
the initial conditions, and choosing an appropriate integrator for solving
Newton’s equations of motion [28].

The difference between classical and quasiclassical trajectory calculations
(QCT), is the inclusion of zero point energy, which is a purely quantum ef-
fect, in the initial conditions of QCT. This inclusion of the zero point energy
generally gives better agreement with quantum calculations than pure clas-
sical trajectory calculations. Except for large systems, QCT is the standard
method for investigation of reaction dynamics [29].

15
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Figure 4.1: A quasiclassical trajectory. The trajectory illustrates the process
O + CN(v = 0) → N + CO(v′ = 2) on the collinear 2Π potential energy surface.

4.1.2 Trajectory Surface Hopping

When two potential energy surfaces are coupled, through for example spin-
orbit coupling, trajectory surface hopping (TSH) calculations can be used to
allow the trajectory to jump between the surfaces. The methodology used
here is based on the formulation given by Stine and Muckerman [30–32],
where the dynamics is carried out on the adiabatic surfaces. When the two
surfaces are sufficiently close, Landau-Zener theory [30] is used to determine
if the system will undergo a non-adiabatic transition, that is, jump between
the two adiabatic surfaces.

4.2 Wave Packet Dynamics

In wave packet dynamics a wave packet is propagated on a potential energy
surface by solving the time-dependent Schrödinger equation,

ih̄
∂

∂t
Ψ(r, t) = ĤΨ(r, t) (4.2)
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where the Hamiltonian operator is given by

Ĥ = T̂ + V̂ = − h̄2

2µ
∇2 + V (r). (4.3)

In Eq. 4.3, the potential V (r) is obtained by solving Eq. 3.3 for each nuclear
position r. The formal solution to Eq. 4.2 is

Ψ(t) = Û(t, t0)Ψ(t0) (4.4)

where Û is the time-evolution operator, given by

Û(t, t0) = e−iĤ(t−t0)h̄ (4.5)

provided that the Hamiltonian is explicitly time-independent. The Hamil-
tonian Ĥ is an operator, making the time-evolution operator Û an expo-
nential function of an operator, which cannot be applied directly, since the
potential and kinetic energy operators in the Hamiltonian do not commute
(T̂ V̂ 6= V̂ T̂ ).

4.2.1 The Wave Packet

In this project, where the NCO system is studied for collinear geometries, the
time-dependent wave packet calculations were carried out in mass-weighted
product Jacobi coordinates (R̃, r̃), using the Hamiltonian

Ĥ = − h̄2

2µ

(

∂2

∂R̃2
+

∂2

∂r̃2

)

+ V (R̃, r̃), (4.6)

where R̃ is the mass-weighted center-of-mass separation between N and CO,
r̃ is the mass-weighted CO bond distance, and the reduced mass µ is given
by

µ =

(

mOmCmN

mO + mC + mN

)1/2

. (4.7)

The product Jacobi coordinates are given by

R = α−1R̃, (4.8)

r = αr̃, (4.9)

where α = (µR/µr)
1/4 and µR and µr are the reduced masses corresponding

to the N-CO and CO systems, respectively. The initial wave packet is set up
in reactant Jacobi coordinates, as a product of a vibrational eigenfunction of
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the CN system, φ(rCN), and a translational function in the form of a Gaussian
wave packet, χ(RO−CN),

Ψ(RO−CN, rCN, t = 0) = φv(rCN)χ(RO−CN). (4.10)

The wave function is then transformed to product Jacobi coordinates be-
fore the propagation begins. The vibrational eigenfunctions needed for
the initialization and analysis are obtained by solving the time-independent
Schrödinger equation for the diatomic fragments using a sine-basis expansion
of the wave function. Fig. 4.2 shows examples of two initial wave packets for
CO(X1Σ+).

4.2.2 Split Operator Method with Fast Fourier Transforms

There are several methods for solving the time-dependent Schrödinger equa-
tion. A detailed discussion of these can be found in e.g. ref. [33]. The method
used throughout our studies is the (second order) split-operator method, with
fast Fourier transforms [34]. In this method the time-evolution operator is
approximated by a splitting of the Hamiltonian. The Hamiltonian can be
split such that the kinetic energy operator is between potential energy oper-
ators, referred to as the kinetic referenced split operator method,

e−i(T̂+V̂ )∆t/h̄ = e−iV̂ ∆t/2h̄e−iT̂∆t/h̄e−iV̂ ∆t/2h̄ + O(∆t3). (4.11)

The validity of Eq.4.11 can be proved by Taylor expanding the left and right
sides. The approximated time-evolution operator, Eq. 4.11, is Hermitian. It
also conserves the norm of the propagated wave packet, which is an important
property of the wave packet.

Choosing between kinetic referenced split operator method, shown in
Eq 4.11, or the potential referenced split operator method, where the po-
tential energy operator is between kinetic energy operators,

e−i(T̂+V̂ )∆t/h̄ = e−iT̂∆t/2h̄e−iV̂ ∆t/h̄e−iT̂∆t/2h̄ + O(∆t3), (4.12)

is a matter of choice. Throughout this study, we have employed the kinetic
referenced split operator method.

To solve the Schrödinger equation, the Hamiltonian has to operate on
the wave packet at each time step. The potential part of the Hamiltonian is
trivial, as it is local, i.e. the wave packet Ψ only has to be multiplied by the
exponent of the potential energy V at each grid point. The kinetic part of the
Hamiltonian involves a Laplacian operator (∇2), which is a non-local operator
in coordinate space. By transforming the wave packet to momentum space,
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a

C−O separation

C−N separation

b

C−O separation

C−N separation

Figure 4.2: Wave packets according to Eq. 4.10 for CO(X1Σ+) in the (a) vibra-
tional ground state and (b) second exited state.
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via a Fourier transform, the Laplacian can be evaluated as a local operator.
The Fourier transform F̂ is defined as

F̂ (Ψ) = φ(k) =
1√
2π

∫ ∞

−∞

dxΨ(x)e−ikx (4.13)

and the inverse Fourier transform F̂−1 as

F̂−1(φ) = Ψ(x) =
1√
2π

∫ ∞

−∞

dkφ(k)eikx. (4.14)

It can easily be shown that the second order derivative of the wave function
can be written as

d2Ψ(x)

dx2
=

1√
2π

∫ ∞

−∞

dkφ(k)(ik)2eikx. (4.15)

It is seen that the second order derivative is a simple multiplication by (ik)2

in momentum space. To evaluate the discrete Fourier transform, the fast
Fourier transform algorithm [34] is used.

The algorithm for propagating the wave packet using the kinetic refer-
enced split operator method is as follows: First the wave function is multi-
plied by e−iV̂∆t/2h̄. This new function is Fourier transformed to momentum
space and multiplied by the free particle operator e−i∆tk2h̄/2µ. An inverse
Fourier transform is applied, and finally the function is again multiplied by
e−iV̂∆t/2h̄, which completes the time step. Thus, each time step involves one
Fourier transform, one inverse Fourier transform and three simple multipli-
cations. Using the fast Fourier transform, the scaling with grid-size is in the
order of N log N .

4.2.3 Damping Function

The discrete Fourier transform requires the function to be periodic. Therefore
the wave packet has to be damped, if the wave packet is not to pass through
the boundaries of the grid and reappear at the other end. When the wave
packet reaches the end of the grid, it can also be nonphysically reflected
from the boundary. These effects are avoided by damping the wave function
(Fig. 4.3) between a point rd and the boundary of the grid, rmax, in each
coordinate:

f(ri) =

{

1, ri < rd,
exp [−Vd∆t/h̄], ri ≥ rd

, (4.16)

where Vd is the exponential damping function suggested by Vibók and Balint-
Kurti [35]. We have also introduced a a time-dependent scale factor in the
exponential damping function Vd, to account for the variation of the average
product kinetic energy with time.
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r

t1

t2

t3

t1 < t2 < t3

Figure 4.3: A wave packet is damped as it propagates through the damping region.

4.2.4 Analysis of the Scattered Wave Packet

The time propagation of the wave packet does not give much information
in itself. The really interesting information is the state-to-state reaction
probabilities. We start the wave packet in a given vibrational state (Eq. 4.10),
so we get the probability for going from one given vibrational state in the
reaction configuration to all vibrational states in the product configuration.
These probabilities are found by, at a point Rp, before applying the damping
function, projecting the scattered wave packet onto asymptotic vibrational
eigenstates φv′(r):

cv′(t) =

∫

drφv′(r)Ψ(Rp, r, t). (4.17)

The time-dependent amplitudes cv′ are Fourier transformed to energy space

bv′ =
1√
2π

∫

dtcv′(t) exp (iEt/h̄), (4.18)

and the state-to-state reaction probabilities (Fig. 4.4) are computed from the
ratio between the scattered and incident fluxes [36],

Pv→v′(E) =
Fv′(E)

Fv(E)
, (4.19)
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Figure 4.4: The state to state (v − v
′) reaction probability for the collinear

O(3P) + CN(X2Σ+) → CO(X1Σ+) + N(4S) reaction. The wave packet is initiated
in the vibrational ground state, v = 0. The same data is presented in a different
manner in Paper I, Fig. 7.

where

Fv′(E) =
1

µOC−N

kv′ | bv′(E)|2 , (4.20)

kv′ =
1

h̄

√

2µOC−N(E − V (Rp) − Ev′) . (4.21)

To avoid dividing by values near zero in Eq. 4.19, the outgoing wave packet
is analyzed in an energy interval corresponding to 95% of the energy distri-
bution in the incident Gaussian.

The incident flux, Fv(E), is, in principle, given by an analytical expression
[36], but since the potential has not reached its true asymptotic value at
the position of the initial wave packet, a small correction is needed. The
correction to the Gaussian distribution, illustrated in Fig. 4.5, is simply to
obtain the probability distribution of the incident k-values by propagating
the initial Gaussian wave packet χ(R) backwards. This k-distribution is then
used to normalize the scattered components, rather than the initial Gaussian
distribution.
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Figure 4.5: Example of a correction function. Ēkin = 1.0 eV in the
O(3P) + CN(X2Σ+) channel on the 2Π surface.

4.2.5 Dynamics with Coupled Surfaces

In cases with two coupled potential electronic surfaces, as in Paper II, the
Hamiltonian in (Eq. 4.6) must be changed, due to the fact that the potential
energy operator now is a matrix:

V̂ =

(

V1 V12

V ∗
12 V2

)

, (4.22)

where V1 and V2 are the diabatic potential energy terms, and V12 are potential
coupling terms. The Schrödinger equation now becomes

ih̄
∂

∂t

(

Ψ1

Ψ2

)

=

[(

T̂ 0

0 T̂

)

+

(

V1 V12

V ∗
12 V2

)](

Ψ1

Ψ2

)

. (4.23)

In order to solve Eq. (4.23), the potential energy matrix has to be diagonal-
ized at each grid point by the unitary transformation

D = U
†
VU, (4.24)

where D is diagonal. The diagonal elements of the matrix D form two non-
crossing, adiabatic surfaces. The exponential function of the matrix V can
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now be written as
eV = U eD

U
†, (4.25)

and the split-operator method can be used to propagate the wave packet on
the two coupled electronic surfaces.



Chapter 5

Results and Discussion

5.1 Paper I

In Paper I we present CASPT2 calculations on the lowest collinear 2Π and
4Σ− potential energy surfaces for the NCO system, corresponding to the
O + CN → N + CO reaction. The potential energy surfaces are interpolated
using the GDVR method. Both surfaces are exothermic, with an energy
difference of 0.81 eV for the 2Π and 3.39 eV for the 4Σ− surface. While
the 2Π surface has a 5.85 eV deep potential well, the 4Σ− surface exhibits a
potential barrier of 1.42 eV.

Time-dependent wave packet calculations using the split-operator prop-
agator have been performed on both surfaces in product Jacobi coordinates.
The results on the 2Π surface show structure in the reaction probabilities
as a function of energy up to about 0.5 eV translational energy. On the
4Σ− surface the reaction is highly vibrationally non-adiabatic with initial
translational energy more efficient in promoting the reaction than initial vi-
brational excitation. For reaction out of v = 0 the wave packet results show
a systematic trend of increasing reaction probabilities for increasing product
vibrational excitation up to v′ = 3, thereafter the reaction probabilities de-
crease with further increasing product vibrational excitation. For reaction
out of v = 1 and v = 2 these systematic trends are not observed. The wave
packet calculations are compared to quasiclassical trajectory calculations.
Generally the agreement is good, as would be expected. But differences in
the product vibrational distributions primarily appear from reaction out of
v = 0, which is related to the significant difference in initial classical and
quantum distributions for v = 0.

25
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Figure 5.1: The possible pathways for transition from the 2Π to the 4Σ− surface
for the O + CN → N + CO reaction (left) and the non-reactive scattering of N+CO
(right)

5.2 Paper II

In Paper II spin-orbit coupling between the two collinear 2Π and 4Σ− po-
tential energy surfaces for the NCO system are presented. The spin-orbit
couplings are calculated using the RASSI method with CASSCF wave func-
tions as basis set. The full spin-orbit coupling surface is interpolated using
the GDVR method. The spin-orbit coupling is relatively strong in the asymp-
totic O+CN region, reaching a maximum of 0.007 eV before the crossing of
the two potential energy surfaces. At the crossing the spin-orbit coupling is
about 0.004 eV.

Wave packet calculations and TSH calculations on the coupled surfaces
are presented for both the O + CN → N + CO reaction and the non-reactive
scattering process N + CO → N + CO. The two cases are shown in Fig. 5.1,
where the possible adiabatic pathways are illustrated.

In the former case, O+CN can react and form ground state CO and ni-
trogen in either the ground state (N(4S)) or in the first excited state (N(2D)).
The energies studied are considerably lower than the potential energy barrier
on the 4Σ− surface. Thus, all reactive processes have to enter the potential
well of the 2Π surface. After the potential well, the two surfaces cross, and
spin-orbit coupling can allow transitions between the surfaces. Both the
wave packet and the TSH calculations agree that this probability is low,
about 0.05%, and has weak energy dependence, with slightly higher transi-
tion probabilities at lower energies.

The non-reactive scattering process N + CO → N + CO is initiated in the
N(2D) + CO channel on the 2Π surface with kinetic energies below 0.7 eV, to
avoid the formation of CN + O. The system can either stay on the diabatic
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2Π surface, returning to the N(2D) + CO state, or it can transfer to the
4Σ− surface, and exit in the ground state N(4S) + CO channel. The TSH
calculations show strong energy dependence in the transition probabilities.
For energies below approximately 0.35 eV, the probability of crossing over
to the lower diabatic surface, producing ground state nitrogen, is over 15%,
while higher energies only allows the creation of a few percent ground state
nitrogen. The wave packet calculations result in an average probability of
around 0.5%. However, the transition probability shows a distinct resonance
pattern, with peaks reaching a transition probability of about 10%. The wave
packet calculations also show energy dependence in the transition probability,
with larger peaks at lower energies, thus following the trend of the TSH
calculations.
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Chapter 6

Future and Outlook

Preliminary ab initio calculations on the lowest three dimensional 4A′′ surface
has shown that the collinear configuration might not be the most realistic
path to form ground state nitrogen from CN and O. Thus, the next logical
step in the investigation of the NCO system is to calculate the full three
dimensional potential energy surface for the 4A′′ state using CASPT2, and
make an analytical fit of the ab initio energy points using the MBE method.

This potential energy surface is to be used to perform 3D QCT calcula-
tions, as well as 3D wave packet calculations. This would be feasible for at
least J = 0. Such a study would attempt to explain the experimental results
for the O + CN → CO + N reaction.

The 2A′ and 2A′′ surfaces have previously been presented. The combi-
nation of three heavy atoms and a deep potential well makes the system
very interesting, and wave packet calculations nearly impossible. Previous
2D wave packet calculations, both by us and other groups, have shown that
there are quantum effects present, even for the heavy NCO system, in the
collinear configuration. It would be very interesting to perform full dimen-
sional wave packet calculations on these surfaces and compare the result with
the collinear and classical studies.

In this and previous studies of the NCO system, the Renner-Teller effects
have been neglected. The Born-Oppenheimer approximation breaks down
due to the degenerate ground states, and it is possible that these effects
would affect the dynamics of the system, by allowing intersurface crossing.
These effects should be studied.

There are several excited states of the NCO system that has not been
investigated. Non-adiabatic processes, such as spin-orbit coupling, could
facilitate reaction pathways previously undiscovered. The first task would
be to study the coupling between the 2A and the 4A′′ states, followed by
calculations of other excited states.

29
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